Since the crossing number of K 12 is now known to be 150, it is well-known that simple counting arguments and Kleitman's parity theorem for the crossing number of K 2n+1 combine with a specific drawing of K 13 to show that the crossing number of K 13 is one of the numbers in {217, 219, 221, 223, 225}. We show that the crossing number is not 217.
We define Z(n) by the formula 1 4
There is a standard drawing that shows cr(K n ) ≤ Z(n). (1.1)
In particular, (n − 4)cr(K n ) ≥ ncr(K n−1 ). Kleitman [3] proved that any two drawings of K 2n+1 with no tangencies and no two edges both incident with a common vertex and crossing each other have crossing numbers having the same parity. Together with Equation (1.1), the crossing number of K 13 is one of 217, 219, 221, 223, and 225.
It is the purpose of this work to show that cr(K 13 ) > 217, the first substantial progress on this number since it was shown that cr(K 13 ) ≤ 225.
A second simple idea is that of duplicating a vertex in a drawing of K n to obtain a drawing of K n+1 . Let v be any vertex in a drawing D of K n . We denote by cr(v, D) the number of crossings in D involving at least one edge incident with v. By placing a new vertex v ′ near v in the drawing and then making the edges from v ′ parallel to those of v, we obtain a drawing D ′ of K n+1 . The following inequality, which we state only when n is odd, is now standard (see for example Woodall [5] and Christian, Richter, and Salazar Moreover, equality can always be achieved. A surprisingly interesting parameter for a drawing D of K n is the quantity δ(D) = cr(D) − Z(n). A drawing D of K 2m has the normal deficiency property if, for every vertex v of K 2m , δ(D − v) ≤ 2δ(D). We will usually abbreviate this property to NDP. For example, every optimal drawing of K 12 has NDP, using Equation (1.1) to show that each K 11 in D has 100 crossings.
One point about the NDP property is that if there is a drawing D of K 2n and a vertex w so that δ(D − w) > 2δ(D), then cr(K 2n+1 ) < Z(2n + 1). This is because duplicating w in D yields a drawing D ′ of K 2n+1 with cr(D ′ ) < Z(2n + 1). In particular, if there is a drawing D of K 12 that does not have NDP, then cr(K 13 ) < 225. The following is a converse if cr(K 13 ) = 217. 
Proof. We know that cr(K 12 ) = Z(12) = 150. Equation 1.1 shows v∈V (K 13 ) cr(D−v) = 9cr(D). Therefore, 9(217) = a(150) + b(151) + c(152) + · · · . From this equation, it follows that a ≥ 10 and b + 2c + 3d = 3.
It follows that there is a v ∈ V (K 13 ) so that cr(D − v) > 150 and so, from (1.1), there is a u ∈ V (K 13 ), with u = v, so that cr(D − v − u) > 100. Going the other way, we deduce that cr(D − u) > 150.
Of the 13 11 K 11 's in D, we have found at least one that has more than 100 crossings. If there is only the one K 11 with more than 100 crossings, then cr(D − w) = 150 for all 11 vertices w of K 13 other than u and v. It follows that all the other It follows that there is another K 11 with more than 100 crossings. Therefore, there is a third vertex w of K 13 so that cr(D − w) > 150 as well. In this case, b + c + d ≥ 3. Since b + 2c + 3d = 3, we have b = 3, proving (1) and (2) .
(FIX in REVISION) that completes the proofs of (1) and (2).
For (3), let v 1 , v 2 , and v 3 be the three vertices v of K 13 so that cr(D − v) = 151. If {i, j, k} = {1, 2, 3}, then
Solving these three equations yields cr(D − v i − v j ) = 104, for each distinct i, j ∈ {1, 2, 3}. Lemma 1.2 shows that, if cr(K 13 ) = 217, then there is a drawing D of K 12 having 151 crossings so that some K 11 has 104 crossings in D. Conversely, if such a drawing of K 12 exists, then duplicating a vertex shows cr(K 13 ) < 225. The remainder of this work is explaining how we show that no such D exists.
Equivalent drawings of K n
In this section, we describe our algorithm for determining that no drawing of K 12 having 151 crossings contains a K 11 having 104 crossings.
It is well-known that some drawing D of a graph G with cr(D) = cr(G) is good , which means the following properties hold:
1. no two edges incident with a common vertex cross in D;
2. no three edges are concurrent at a point; and 3. no two edges intersect more than once.
We will check every good drawing of K 12 having 151 crossings to see if it contains a subdrawing of K 11 having 104 crossings. If there is one, then cr(K 13 ) < 225, while if there is not, then cr(K 13 ) > 217. This program is analogous to the one employed by Pan and Richter [4] to show that cr(K 11 ) ≥ 100. However, in that instance, it was not necessary to go beyond testing, for each drawing of K 10 having at most 62 crossings, each face to see if an eleventh vertex could be placed there to get a drawing of K 11 having fewer than 100 crossings. In this context, we need to keep the K 11 's to create the K 12 's; in particular, the number of optimal drawings of K 11 is still not known. Such a direct approach did not succeed for us, as too many drawings of K 11 were produced. We were able to overcome this obstacle by considering a single representative of a set of equivalent drawings. In the step from K 11 to K 12 , we have the same discussion. However, there is another consideration to take into account. Two drawings of K 11 that are equivalent relative to the K 10 may become inequivalent once the twelfth vertex is added, as this new vertex may lie in a region of D(vw) ∪ D ′ (vw) different from the one containing the other 9 vertices of K 10 .
In our program, we start with the drawing D 0 of K 10 . Dijkstra's algorithm (that is, Breadth First Search) is used to determine, for each face F of D 0 , whether the eleventh vertex v can be placed there to obtain an optimal drawing of K 11 .
For each edge vw, we find all optimal routings and these are sorted into equivalence classes, determined by which edges of D 0 are crossed in the routing. The optimal drawings of K 11 are obtained by choosing a routing for each of the ten edges vw. For each edge vw and each equivalence class [d(vw)] of drawings of vw, we choose a representative drawing of vw; these 10 representatives are then combined to yield a drawing of K 11 . Any optimal drawing of K 11 is equivalent to one of these.
There is one subtlety here that needs discussion. The selection of the representatives may result in routings of the ten edges incident with v that are not mutually compatible; the routings may force two edges incident with v to cross. This is something our program checks for, but fortunately never came up and so we never had to deal with it. Thus, we have not been required to determine whether it is possible that one pair of representatives for particular equivalence classes for two edges might be tangled, while a different pair of representatives is not tangled. The representatives we happened to choose were always untangled, so this problem did not arise in the execution of the program.
We now deal with the possibility of equivalent (relative to D 0 and F ) drawings of K 11 becoming inequivalent with the introduction of the twelfth vertex v ′ . Let F ′ be the face of D 0 into which v ′ is placed. If two D 0 -equivalent routings of an edge vw incident with v are now inequivalent, it is because they separate v ′ from the other nine vertices of K 10 . This implies that they have a K 10 -equivalent routing that goes through F ′ . For each edge vw for which it is possible, we choose a K 10 -equivalent routing through F ′ to obtain our optimal drawing of K 11 . These routings will break up F ′ into at most 10 sub-faces and we simply try placing v ′ into each of these to make our drawing of K 12 . In particular, if F ′ = F , then we will have 10 sub-faces to try. These different possibilities for v ′ include representatives of all extensions of equivalents of this K 11 to a K 12 in which v ′ is placed in F ′ . We formalize this important point as a theorem. ]-equivalent of v 11 w routing through F 12 . One at at time, we will shift such edges, with the end result being a good drawing of K 12 , equivalent to D, with all possible edges incident with v 11 drawn through F 12 . The process is an induction on the number of edges incident with v 11 that can be equivalently routed (relative to K 12 ) through F 12 but are not so in the current drawing. The initial current drawing is D.
Let v 11 w be an edge that can be equivalently routed through F 12 , but is not so routed in our current drawing D * . Let e be an equivalent routing through F 12 . If simply replacing D * [v 11 w] with e results in a good drawing of K 12 , then we do this. Otherwise, there is an edge ab that crosses e in violation of goodness. Then ab and e bound a digon whose interior contains only crossings. Choosing ab to bound a minimal such digon (in the sense of no other digon is contained inside it), we can equivalently shift the portion of ab in the boundary of this minimal digon to the other side of the portion of e in the boundary of this digon. This reduces the total violation of goodness, so repetition results in a new, equivalent, good drawing D ′ of K 12 that uses e in place of v 11 w. This new drawing D ′ has fewer edges incident with v 11 that can be, but are not, routed through F 12 than D * has. By induction, there is an equivalent drawing with all possible edges routed through F 12 . This drawing is equivalent to one we consider.
In going from K 11 to K 12 , there is one additional complication. We are looking for drawings of K 12 having 151 crossings. This is one more than optimal. For each of the faces F ′′ ⊆ F ′ of drawings of K 11 , we again use Dijkstra's algorithm to determine the minimum number of additional crossings added to obtain the drawing of K 12 . Obviously, if this minimum number yields a drawing of K 12 with more than 151 crossings, we ignore this face F ′′ . If the minimum number produces a drawing with precisely 151 crossings, we again check all equivalence classes for the edges and see whether some subdrawing of K 11 has precisely 104 crossings.
In the final case, the face F ′′ produces a drawing of K 12 having 150 crossings. In such a case, we choose an edge v ′ w incident with v ′ (eventually testing all 11). We then test whether there is a rerouting of v ′ w to have one additional crossing, and find all such routings, divided into equivalence classes. Finally, we check as above, whether, given a selection from each equivalence class, there is a subdrawing of K 11 having 104 crossings. We executed this program and the outcome was that, among all the considered drawings of K 12 having 151 crossings, none contains a K 11 having 104 crossings. As indicated, this implies that no drawing of K 12 having 151 crossings has a subdrawing of K 11 having 104 crossings. Lemma 1.2 implies that there is no drawing of K 13 having 217 crossings, and, therefore, cr(K 13 ) > 217. 3.1 Generating drawings of K 11 from drawings of K 10 subsec:10to11
In fact, however, we only use Algorithm 1 to obtain D Table 1 lists the sizes of the sets and the computational time to produce them.
The number of drawings in D 100 11 is too large for the resources available to us; we were not able to generate D 100 11 . For example, Table 2 shows the number of drawings in D As discussed in Section 2, in order to prove that cr(K 13 ) > 217, it suffices to consider only inequivalent drawings of K 11 having 100 crossings. Thus, we shall generate a set 
for all face F in D do for all i = 1, 2, . . . , n do 6.
Compute distances d(F, v i ).

7.
Find set P i of all routings of length at most d(F, v i ) + ε from F to v i . for all products of routings (P 1 , P 2 , . . . , P n ) ∈ P 1 × P 2 × · · · × P n do
10.
if the total length is at most c − cr(D), and the P j do not cross each other then
11.
Insert a new vertex v n+1 in F .
12.
Generate a new drawing D ′ by drawing P 1 , P 2 , . . . , P n from v n+1 to v 1 , v 2 , . . . , v n respectively. 11 of drawings of K 11 having 100 crossings and containing at least one representative from each equivalence class of drawings in D 100 11 . Algorithm 2 gives the exact steps. It is a modified version of Steps 9 -17 of Algorithm 1. These modifications are essential in reducing the number of drawings of K 11 that we have to check.
As shown in Step 19, if the routings chosen from the previous step are entangled, we simply save the current drawing of K 10 to D error 10 . Since we need to produce good drawings, our analysis does not apply for the drawings in D were large, we might not be able to complete the computation. Fortunately, our program never selected entangled routings and, therefore, at the end of the computation, D error 10 = ∅, so no additional work is required. In Algorithm 1 a drawing is tested for isomorphism against previously saved drawings; only non-ismorphic drawings are saved. This is necessary for producing drawings of K n for n up to 10; otherwise we would have even more drawings of K 11 to consider.
Algorithm 2 does not test each drawing of K 11 against previously saved drawings. Therefore, it may test the same K 11 isomorph more than once. In spite of this potential duplication, the overall computation time is greatly reduced. When a new K 11 is generated from a drawing D of K 10 having at most 63 crossings, the other 10 vertices are checked for all faces F of D do step:face2 6. for all i = 1, 2, . . . , 10 do
7.
Compute distances d(F, v i ).
8.
Find set P i of all routings of length at most d(F, v i ) + ε from F to v i .
step:routing2 step:partition
9.
Partition P i into equivalence classes: P i = j P i,j 10.
end for
11.
for all products of classes (P 1,j 1 , P 2,j 2 , . . . , P 10,j 10 ) do ep:choose_begin 12.
Choose any P i ∈ P i,j i as follows:
13.
if there exists a routing in P i,j i passing through F then 14.
let P i be any such routing. Choose an arbitrary routing in P i,j i for P i . if the paths P 1 , P 2 , . . . , P 10 do not cross one another then having a vertex whose incident edges combine for a total of at most 47 crossings. These crossings are easily determined from D itself and the crossings of the new routings. Thus, we do not actually generate any drawings of K 12 .
Furthermore, entanglements of the eleven new edges are irrelevant; untangling them does not change the number of crossings at one of the original K 11 , which is what we count. Thus we may also skip checking for entanglement in going from K 11 to K 12 .
In our implementation, the generation of drawings of K 12 is integrated into Algorithm 2: at Step 21 we generate and test drawings of K 12 from the current drawing D of K 11 for generating drawings of K 12 right away, and hence there is no need to save D for later use.
Implementation
Note that both Algorithms 1 and 2 can be made parallel by distributing input drawings to different computing resources. Our program is set up to run on the cluster saw.sharcnet.ca with 2712 cores of 2.83 GHZ. The actual number of cores allocated for us was 256, which is sufficient for the program to finish in a reasonable amount of time (See Table 1 ). (Revision makes "See" into "see".)
Our program also utilizes the C programming package Nauty [6] for graph-isomorphism testing. The isomorphism testing is used by Step 13 in Algorithm 1. As explained in Subsection 3.1, we do not use isomorphism testing on the output of Algorithm 2.
On the other hand, for both Algorithms 1 (Step 4) and 2 (
Step 5), we use isomorphism testing to eliminate isomorphic faces.
In searching for routings at Step 7 of Algorithm 1 and Step 8 of Algorithm 2, it is an important saving that we need only consider routings that go through distinct faces.
In general, a routing from a face F to a vertex v could potentially pass through the same face F ′ more than once when its length is greater than d (F, v) . In other words, the routing is a walk in the dual graph but not a path. The following is a slight improvement to [4, Claim 1, p. 132] that suffices for our purposes. . Let C be a simple closed curve representing this sequence, in the sense that C crosses precisely the edge segments that are coincident with F i−1 and F i , for each i = 1, 2, . . . , t, where the indices are read modulo t. Let n 1 and n 2 be the numbers of vertices on the two sides of C; we note n 1 ≥ 0, n 2 ≥ 0 and n 1 + n 2 = n ≥ 5. If, say n 1 = 0, then every edge of K n crosses C an even number of times (into and out from the side with no vertices). As D is a good drawing, D [vw] crosses each edge of D n at most once. Therefore, C crosses no edge of D n , showing the sequence (F 0 , F 1 , . . . , F t−1 , F 0 ) has only one face, a contradiction.
Then any edge
Thus, we may assume n 1 > 0 and n 2 > 0. In this case, C has at least n 1 n 2 ≥ n−1 ≥ 4 crossings, as required for both parts.
We have shown in Table 1 The total time used by Algorithm 2 (with in-memory checking for K 12 ) is roughly 20,618 hours. With 256 cores available, the average time per core is less than 4 days.
Comments
The first and third authors are in the process of preparing for publication a computer-free, complete proof that cr(K 9 ) = 36. (We take the attitude that Guy's proof [2] is really a computer proof. For example, he does not demonstrate that there are only three optimal drawings of K 8 . Rather, he shows how to do so and did so himself just as a computer would have.) Some of the considerations required there were useful here; in particular, it was the introduction there of the quantity δ that led to the surprising insight Lemma 1.2.
It seems reasonable to assume that Lemma 1.2 is just the beginning of progress on cr(K 13 ) and that the work on K 9 can be continued to develop more tools to attack both the particular problem of K 13 as well as Conjecture 1.1.
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